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1. Introduction

ABSTRACT

Since the grade of elements in a mining area has spatial correlation, its statistical analysis is impossible
with the usual statistical methods. Therefore, spatial statistics methods are used in their analysis to
model the spatial correlation structure and predict the unknown grade values in arbitrary locations.
For prediction, including dependence structures and trend following due to contextual factors (such
as topography) helps improve the accuracy of response variable forecasting. In data analysis, the
small number of observations, the presence of outlier observations, or data with a highly skewed
distribution, causes an inaccurate estimation of the variogram. In this article, a Bayesian approach
is used for the 3D modeling of the data, and an approximate Bayesian method known as Integrated
Nested Laplace Approximations (INLA) is used to fit the proposed model. Since Geostatistical data
are densely indexed, to ensure fast calculations using INLA, the spatial model defined on the study
area was converted into a Gaussian Markov Random Field (GMRF) using triangulation and the
Stochastic Partial Differential Equation (SPDE) approach. The implementation of the INLA+SPDE

method on a 3D Geostatistical data set is a new topic in the field of mining data modeling.

spatial location. Therefore, it is better to use spatial statistics and

Spatial modeling is important in various scientific fields such as
urban planning, health, geology, meteorology, and environment
(Cressie and Wikle, 2011; Gelfand et al., 2010). The purpose of
spatial modeling is to describe the spatial dependence within and
between variables. Since the grade of elements in an area has a
spatial correlation, statistical analysis to calculate the grade in
different parts of a mine is not possible with classical interpolation
methods. In classical interpolation methods, the results obtained

from measuring samples are analyzed independently of their

Geostatistical interpolation to model the spatial correlation structure
and predict the unknown grade values in desired locations. Among
the Geostatistical interpolation methods, Kriging is calculated
based on the spatial correlation between the data and through the
transform function (Li and Heap, 2011).

Stationarity (consistency of the possible structure of observations
in separate sub-areas) and Gaussian distribution (lack of outlier

observations or out-of-line points and skewed distribution) are two

* Corresponding author: Alireza Arab-Amiri; E-mail: alirezaarabamiri@yahoo.com

Citation:

Boskabadi, A.R., Arab-Amiri, A.R., Tokhmechi, B., and Baghishani, H., 2024. 3D modeling of ore grade with an approximate Bayesian approach. Scientific
Quarterly Journal of Geosciences, 34(4), 134, 23-36. https:/doi.org/10.22071/gsj.2024.433476.2129.

E-ISSN: 2645-4963; Copyright©2021 G.S. Journal & the authors. All rights reserved.

d- doi: 10.22071/gsj.2024.433476.2129

B;E’ dor: 20.1001.1.10237429.1403.34.4.2.2

This is an open access article under the by-nc/4.0/ License (https://creativecommons.org/licenses/by-nc/4.0/)
BY NC

23


https://www.gsjournal.ir/article_202455.html?lang=en
https://www.gsjournal.ir/article_202455.html?lang=en
https://www.gsjournal.ir/?lang=en
https://www.gsjournal.ir/article_202455.html?lang=en

3D modeling of ore grade with an approximate Bayesian approach/ Ahmadreza Boskabadi et al./ G.S.J. 2024 , 34 (4): 23-36

basic assumptions in kriging calculations (Krainski, 2019).

In practice, to predict the grade in a mining area, it is necessary
to include the dependence structures and follow the trend due to the
background factors (such as topography). In this situation, using
the general kriging version can help improve prediction accuracy.
On the other hand, in most cases, in mines due to the cost and time-
consuming nature of conducting mineral analyses, the number of
observations is usually small, and in some cases, due to errors in
sampling or errors in analysis, the presence of outlier observations
or data with a highly skewed distribution causes imprecise
estimation of the variogram. In these cases, it is recommended to
use the model-based Geostatistics approach. In the model-based
Geostatistical approach, a model is first formulated to predict the
target response variable. Then, it is used to predict the data in the
lack of observation points and finally, the efficiency of the model is
evaluated (Diggle et al., 2003).

Considering the various advantages of the Bayesian perspective
in statistical inference compared to conventional methods, such as
the ability to take advantage of the available information through
previous similar studies and the ability to make probabilistic
statements about the parameters, we use a Bayesian framework for
data modeling (Wang et al., 2018; Brown et al., 2019). Extraneous
side information is usually summarized in a probabilistic structure
called prior distribution. In the Bayesian theory, the information
obtained from the observations and the metadata are combined in
the form of the prior distribution, which leads to the construction of
the posterior distribution. The posterior distribution as a function of
the unknowns of the model becomes the basis of all inferences and
in Bayesian Geostatistics it is used to predict the response variable
in arbitrary locations without observation. Usually, extracting the
results from the posterior distribution involves the calculation of
high-dimensional integrals, which are rarely available analytically
(Beguin et al., 2012). The usual solution in these cases is to
approximate the posterior distribution. One of the posterior
distribution approximation methods, in a wide range of spatial
models, is INLA. The INLA method is a widely used deterministic
method for Bayesian approximation that combines the Laplace
approximation and numerical integrations efficiently to provide a
low-error approximation to the posterior distribution of the model
(Rue et al., 2009, 2017; Van Niekerk and Rue et al., 2021; Gaedke-
Merzh auser et al., 2023). This method can be computationally
much faster than the usual posterior distribution approximation
methods, i.e., Markovian Chain Monte Carlo (MCMC) algorithms,
and it can turn the multi-hour fitting of a model with an MCMC
algorithm into a multi-second fit.

The stunning computational efficiency of the INLA method is
due to the Markovian property of the observations in the area under

study. If the study area is sparse, Markovianity can be accepted,

but this property is not established for not sparse areas. For this
reason, considering the density of Geostatistical data, to ensure
the inherent computational efficiency of the INLA method, we
convert the spatial model defined on the study mining area into a
GMREF using triangulation and the SPDE approach. It is noteworthy
that the implementation of the INLA+SPDE method on a 3D
Geostatistical data set in the field of mining data modeling has not
been done so far, and we intend to describe its details and evaluate

its performance in this article.

2. Research methodology

In this article, considering the obvious advantages of the Bayesian
data analysis perspective, we use a Bayesian framework to estimate
the grade of a mineral in 3D space. For this purpose, we first provide
an introduction from the point of view of Bayesian data modeling.
Although Bayesian inference is easy to implement in theory, it
can be very difficult in practice due to the serious computational
difficulties of obtaining the posterior distribution. This is especially
true for models with complex and high-dimensional structures. For
this reason, we will introduce Bayesian hierarchical models in a
Model-based Geostatistics framework and a special subcategory
of them, known as Latent Gaussian Models (LGMs). Since in the
Bayesian analysis of LGMs models, we encounter the solution of
complex integrals, we will use the INLA method to approximate
them. The INLA method is a new Bayesian analysis method that
can provide accurate and fast results for LGMs.

To take advantage of the amazing computational efficiency of
the INLA method, we introduce Gaussian random fields (GRFs)
and Gaussian-Markovian fields (GMRFs) and explain how they
can be modeled using the stochastic partial differential equation
(SPDE) approach. Linked with each other. The generalization
of the combined INLA+SPDE algorithm for 3D mining data is
presented for the first time in this article and a summary of its

details is presented.

2. 1. Bayesian view of statistical inference

In the Bayesian inference perspective, all inferences and results of
data analysis, including estimation of unknown parameters of the
model and estimation of the response variable, are obtained based
on the posterior distribution.

In summary, Bayesian analysis starts by choosing a suitable prior
distribution (if any) which is usually obtained from our prior
knowledge of the parameter. Then, the appropriate probability
model is determined for the data and based on that, the posterior
distribution is calculated definitively or approximately. So, building
a Bayesian model includes the following steps:

1- Building the likelihood function of the model based on the

selected distribution for the data.
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2- Determine the prior distribution for the model parameters.

3- Finding the posterior distribution of the model based on the
combination of the likelihood function and the prior distribution
based on equation (2).

With the posterior distribution known, all analyses including
estimation of unknowns, hypothesis testing about quantities of
interest, and response estimation at unobserved points are calculated
based on the posterior distribution, which usually leads to solving
an integral. Although this process is theoretically straightforward,
in practice it can face the following problems:

1- Calculating the posterior distribution of 7r(9| x) may be difficult
or even impossible.

2- Even if the posterior distribution is known, analytical calculation
of target integral quantities becomes impossible, especially when
the dimension of § parameters is large (Chavander, 2016).

To solve these problems, different versions of posterior distribution
approximation and integral quantities are used (Robert and Casella,
2004). In this article, due to the complexity of the model used, an
efficient approximation version is used, which we introduce. First,
we need to introduce the Model-based Geostatistics modeling

framework.

2.2. Model-based Geostatistics

Applying the general principles of modeling and statistical
inference in Geostatistical problems can be called Model-based
Geostatistics (Diggle et al., 2003). Based on the general principles
of modeling and statistical inference in Geostatistical problems, you
should first formulate a simple model based on the types of hidden
structures that you believe exist in the data, then use probability-
based inference methods and respond to the raised objectives. In
fact, this approach based on mixed linear and generalized linear
models is extended when the sample is small or when variogram
modeling suffers from uncertainty due to the presence of outlying
observations or data that are extracted from a highly skewed
distribution (Bivand et al., 2013). An overview of the principles

governing Model-based Geostatistics is shown in Figure 1.

2.3. Bayesian Hierarchical Models

This class of models uses a hierarchy of parameters or variables
to model data. These models are proposed when the diversity of
prior information or the variability of observations requires the
introduction of several levels of prior distributions (Allenby et al.,
2005). Bayesian hierarchical models follow a hierarchical structure
that includes three stages:

Step 1) Observation model: This step specifies the model governing
the data.

Step 2) Process model: the set of hidden variables follows equation

4 under the condition of hyperparameters 6,.

25

Step 3) Parameters model: To complete the hierarchical structure,
the prior distribution of all model parameters, & = (6, 0,), is
determined by equation 5.

This type of modeling can create high flexibility in building
efficient and suitable models for data analysis. One of the
subcategories of Hierarchical Bayesian models is the category of
Latent Gaussian Models, most of the popular models today are
members of this category (Rue et al., 2009). Some of these models
include linear and generalized linear regression for temporal,
spatial, and spatio-temporal data analysis with the effects of linear

and non-linear explanatory variables.

2.4. Latent Gaussian Models

A hidden variable is a variable that cannot be directly observed, but
it is a source that causes visible changes in the obvious variables of
the model or model parameters. The hidden variable model can be
considered a model in which a set of obvious variables is linked to
a set of hidden variables, so it is assumed that:

1- The response variable or observed variable related to each
observation is affected by the values of hidden variables for that
observation.

2- As long as the hidden variables are known, the obvious variables
are independent of each other, which is known as conditional
independence (Vafaee, 2016).

2.5. Integrated Nested Laplace Approximation

Usually, in the category of LGMs, due to the non-gaussianness
of the posterior distribution of the model and the existence of a
high number of hidden variables, the posterior quantities of interest
for data analysis and spatial estimation do not have a closed and
analytical form. In these cases, the methods of approximating the
posterior distribution of the model and especially algorithms based
on MCMC sampling are used. But the use of MCMC algorithms,
in the category of LGMs, usually faces the problems of slow
convergence and long calculation time. To solve these problems,
the INLA method was introduced by Rue et al. (2009). This method
relies on Laplace approximations (Tierney et al., 1989) to calculate
the lateral posterior distributions of different components of the
model. More precisely, this method repeatedly uses several Laplace
transforms for each lateral posterior distribution to provide an
approximation of the form 7r~(zi | »). Rue and colleagues (Rue et al.,
2009) presented three different algorithms for this task, the details
of each of which are mentioned in their article.

One of the advantages of this method is the ease of creating
and modifying complex spatial models without the need to write
complex codes and the speed of inference even for spatial problems
with thousands of observations, so that in a much shorter period,

an acceptable approximation of the posterior distribution can
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be replaced by simulation. It does heavy MCMC and avoids the
convergence problems of MCMC methods. On the other hand, one
of the main challenges of the INLA method is 1) the difficulty of
modeling the spatial dependence structure of bulk data (Bakka et
al., 2018) and 2) the lack of coherent development of the 3D spatial
data modeling framework.

The INLA method is constantly being improved to increase
its usefulness and applicability to researchers. One of the recent
advances is the implementation of new parallelization schemes,
which have led to a significant increase in the speed of fitting larger
models (Gaedke-Merzh auser et al., 2023). The effectiveness of
the INLA method relies on the precise implementation of different
algorithms inside it. This implementation is available in the R-INLA
software package in the R environment, which allows us to embed
complex models in seconds. However, as stated, the generalization
of the method to all types of 3D data is a serious challenge that
limits its use for the analysis of such data, similar to the data of this
paper. In this paper, we have tried to overcome this limitation for
mineral data. To see more details of the INLA method, you can refer
to the article by Rue et al. (2009).

2.6. Stochastic Partial Differential Equations
An SPDE can be applied to represent a Gaussian Random Field
as a GMRF. The Gaussian process is used to model observations
in a dense region. Tobler’s first law in geography is the basis
of the introduction of spatial statistics analysis, which says
that nearby things are more related than distant things (Tobler,
1970). This property is preserved by Gaussian random fields and
motivates the use of GRF for modeling (Lindgren and Rue, 2011).
Inference and estimation with a spatial model require inversion and
decomposition of the covariance matrix X. The covariance matrix
of a GREF is usually dense, and the computational cost for matrix
operations on dense matrices is of the order of O(#®), where n is
the dimension of the matrix. But if the accuracy matrix Q has a
Markovian structure (or conditional independence), which is typical
for GMRFs, the computational cost of the matrix operation can be
reduced to O(n*?). For this reason, the computational efficiency of
modeling based on GMRFs can be much higher than GRFs and
allows us to make faster inferences and estimates. For dense sets
such as Geostatistical data, with the help of SPDE approach, the
dense set can be transformed into a Markovian set with the help
of triangulation, so that the implementation of the INLA method
for the data in the new approximate set be more efficient (oudeh,
2021). The solution is expressed numerically using the Finite
Element Method and displaying the basic functions defined on a
triangular grid.

To implement the SPDE method, the study area must first
be triangulated. In Equation (13), x(u) is a GRF defined in the

triangulation of region D, where m is the number of vertices in the
triangle. The basic functions ¢, are chosen in such a way that they
are piecewise linear and have local support in each triangle. This
means that ¢, = / at vertex k and zero at other vertices. This property
guarantees that the approximation has Markovian properties and
constitutes a GMRF (Mathisen, 2020). A representation of the
INLA+SPDE algorithm can be seen in Figure 4.

In order to be able to use the SPDE method in the analysis of 3D
mineral Geostatistical data, we used a tetrahedral mesh instead of a
triangle to discretize the area under study (Figure 3-b). The positive
point that can be used in this generalization is that the structural
matrices required for the finite element method can be calculated
similarly to the two-dimensional case. Determining the parameters
of the meter field in the implementation of the SPDE method is
also similar to the two-dimensional mode and can be implemented
using the standard functions available in the mentioned method in
the R-INLA package (Fakhri, 2020).

2.7. Model evaluation

To evaluate the performance of the estimators, we will use two
criteria: mean absolute error (MAE) and root mean square error
(RMSE). These two criteria are calculated as Formulas 14 and
15.

3. Discussions

3.1. Data and Information

Withnew technical developments, it is now possible to mass produce,
simulate, and generate data and models close to the behavior of the
mineral environment and use them for the purposes of analysis and
validation of predictive models. To evaluate the proposed method
in this article and compare it with the conventional universal
kriging estimation method (Cressie and Helterbrand, 1994), a static
primary model (synthetic data) was created as a three-dimensional
model of the earth, each dimension having 20 blocks of elongation.
In fact, the built model is simulated according to the mineral range
and the response variable values in each block, replacing the grade
of the mineral at that point of the mine according to equation (32).
The statistical characteristics of the simulated model are reported
in Table (1). The distribution diagram of the simulated data in three
different views is also shown in Figure 5.

Then, eight locations were determined randomly as drilling
points. Since a percentage of the removed core cannot be used in
actual sampling, the recovery factor for the cores was considered
to be 80%, and 20% of the borehole data was randomly removed
(see Figure 6). It should be noted that because the real model is
simulated, changing the depth, angle, and slope of the boreholes
does not cost the user, and if necessary, the data of the boreholes

can be collected with any of the desired settings.
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4. Results

After generating artificial data as an observed data set, we first
estimated the model using the kriging method as a reference
method. Due to the trend in the data, the data were detrended and
the general kriging method was used to reconstruct the real model
and estimate the entire simulated three-dimensional area. Then,
using the proposed method (INLA+SPDE) with the same observed
data, the real model was estimated in the area under study. Next, the
estimation error in each position of the three-dimensional area was
calculated for both methods, and the evaluation criteria of MAE and
RMSE were obtained. For a more detailed investigation, this whole
process was repeated 150 times. Table 2 shows the average values
of the obtained criteria in all repetitions. Considering the smaller
values of both criteria for the INLA+SPDE method compared to
the universal kriging method, the superiority of the estimation

performance of the proposed method is clearly evident.
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5. Conclusion

By examining the obtained results, it can be concluded that the
INLA method can be a more effective alternative approach to
the kriging method in earth sciences. Among the advantages
of this method are the ease of creating and modifying complex
models without the need to write complex codes, the speed
of inference even for voluminous data, and the possibility of
embedding previous information about the target problem in
the model.

It is worth noting that if you have information on other
minerals, they can be used as explanatory variables to
improve estimates with the model-based Geostatistical
method. Even if the effect of these explanatory variables is
nonlinear, it is possible to flexibly model them within the
framework of the LGMs category and use the INLA+SPDE
method.
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Figure 2. Covariance functions corresponding to Matérn model

(Moraga, 2020).
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Figure 3. Two examples of 2D triangulation: coarse (a) and fine (b) with the outer layer (limited boundary).
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Figure 4. Diagrammatic representation of INLA+SPDE Algorithm (Dudek and Baranowski, 2023).
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Figure 5. An example of a 3D tetrahedral mesh (right Figure) based on data measured at different depths of boreholes.
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Figure 6. 3D scatter plot of simulated data from three different views.

oli (G5 lwand Sdae o3l sle (ode (slaasds -\ Jsd

Table 1. Numerical summaries of simulated ore grade

Min Max Means Median

Mode Sd Skewness | Kurtosis CoV

441 22.35 18.39 18.93
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Figure 7. The raw boreholes (a) and the data after applying the recovery factor (b).
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Table 2. Predictive assessment of estimation methods.

Method MAE RMSE
Universal Kriging 0.10641 0.15461
INLA+SPDE 0.08850 0.14695
Scatter Plot with Regression Lines a VScatter Plot with Regression Lines b
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20-

univariate INLA

Actual Actual
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Figure 8. Actual values versus predicted values by the method a) universal kriging and b) INLA+SPDE .
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