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Abstract  
In this research, two-dimensional analysis is applied to surrounding underground excavations that behave in nonlinear elasto-
plastic manner. A computer program (FEP: Finite Element Program) was developed based on finite element method. The 
main output of applying the FEP is the calculation of the value of stress and strain in elasto-plastic conditions. The principles 
of  FEM in stress analysis are first described, then the principles of solid mechanics explained, and consequently the final 
formulas of finite element analysis are derived. Main formulas of plasticity are defined and then combined with elastic 
formulas to acquire the FEM elasto-plastic formulas. The details of subroutines can be found after the theoretical discussion. 
Finally, the ability of software was examined by execution of the FEP with theoretical and practical examples. A good 
agreement is observed when the FEP is compared with other program (Ansys) and empirical methods. Criteria definition of 
rock mechanics is the main advantage of the FEP with respect to other softwares. 
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ƶŰƠƇ�Ƃƴţ�ƪǀŞƣ�Żř�ƾƬŗŚƀƯ�ƶŤǀƀǀŤſǈě�ƽŚƷŵźŝŹŚƧ�Źŵ�ƶŰƠƇ�ƂƳźƧ��ƽř��ƽř

Řţ� Żř� ƽŹƺŰƯ� ƱŹŚƤŤƯ� ƹººººººº�ƽŹřŸĭŹŚŝ� ƾŬƿŹŶţ� ƂƿřżƟř� ƽŹƺ
(Incremental Loading)� ƺŤſǇř� ľǈƯŚƧ� ŲſŚě� ƶƧ� ƽŵřƺƯ� ƽřźŝ����
ƾƯ�ƵŵŚƠŤſř��ŶƳŹřŵ�ƦǀŤſǈě�ŵƺƃ���

��
řżūř�ŵźŝŹŚƧƽ�ŵƹŶŰƯ���

ŝŚū�ƾŝŚƿŻŹř�ƽřźŝ�ƶů�ƽŚƸǀƿŚūƺŤſǇř�ƪǀƬŰţ�Żř�ƪƇŚ���ƦǀŤſǈě��ƕƺƳ�ƶſ�Żř�
ƾƯ�ƾƘƬƋ�ŹŚƸģ�ƱŚưƫř�ŵźƧ�ƵŵŚƠŤſř�Ʊřƺţ� ��ƾƐų�ƾƷźĭ�ŹŚƸģ�ƽŚƸƳŚưƫř�æ���

�ƾŤǀě�ƽŶƳźſ�ƾƷźĭ�ŢƄƷ�ƽŚƸƳŚưƫř�ç���ƽŚƸƳŚưƫřƹî�ƽĦƳřźĭǇ�ƾƷźĭ��è���
�ƪƨƃ� Źŵ�Ʀƿ� źƷ�ƪƨƃ�ƖŝŚţ� ƵřźưƷ� ƶŝ� ŚƸƳŚưƫř� ƪƨƃçŢſř� ƵŶƃ� ƵŵŹƹō���

Ư�Ǝſƺţ�ƶŝ�ƪǀƬŰţ�ŵŹƺƯ�şŵƹŶŰƯžƿźţŚ���ƱŚưƫř�źƷ�Śŝ�ŜſŚƴŤƯ�ƲǀŝƺƧřĥ�ƽŚƷ
ƾƯ� ƩŚƤŤƳř� ƾƘǀŞƏ� šŚƈŤŴƯ� ƮŤƀǀſ� ƶŝ�ŶŝŚƿ� �Źŵ� ŢƫƺƸſ� ƩŚƤŤƳř� Ʋƿř� ƪǀƫŵ�
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ƩřźĮŤƳř�ƲǀƳřƺƣ� ŵƺūƹ� ƹ� Žƺĭ� ƁƹŹ� ƶŝ� ƽŵŶƗ� ƽźǀĭ� �
�ƶƿƺƳŚŧ� ƹ� ƶǀƫƹř� ƽŚƷźǀƜŤƯ� ƶŞſŚŰƯ� Źŵ� ƦǀţŚưŤƀǀſ�� �

(Primary and Secondary Variable)�ƾƯ�� ŶƃŚŝ]ë[� ��Źŵ� ƲƿřźŝŚƴŝ
ŴƯ�ƮŤƀǀſƾƯ�ƭŚŬƳř�šŚŞſŚŰƯ�ƾƘǀŞƏ�šŚƈŤ�ŵƺƃ����

ƶƿźƔƳřżūř�ƽ�ƪƇř� ƾƴƘƿ� šřŶƯŚū�ƦǀƳŚƨƯ� ƾſŚſř� ŠƫŵŚƘƯ� ƽřźŝ� ŵƹŶŰƯ�
ƾƯ�ƶŤƟźĭ�ŹŚƧ�ƶŝ�ƪƧ�ƪǀƀƳŚŤě�ƽĥźƳř�ŵƺƃ��ƶƗƺưŬƯ�ŢŰţ�ƾưƀū�źĭř��Żř�ƽř

�ƽŚƷƹźǀƳƾƳƹŹŵ�{b}�ƾŰƐſ�ƽŚƷƹźǀƳ�ƹ�{t}�ƪƇř��ŶƃŚŝ�ƶŤƃřŵ�Źřźƣ�ŻźƯ�Źŵ�
ƾƯ�ƱŚǀŝ�ƪƧ�ƪǀƀƳŚŤě�ƽĥźƳř�ŵŹřŵ���
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� Ʊō� Źŵ� ƶƧ{}�� �ŚƸƄƴţ� Źřŵźŝ{u}�ŝŚū� Źřŵźŝ� ƶŚūƿ� �ƽŻŚŬƯ�ƾ{}��Źřŵźŝ
�ƽŻŚŬƯ� ƽŚƸƄƳźƧ��� �źƔƳŵŹƺƯ� ƶǀůŚƳ� ŻźƯ�ŚƳ�� ƹ� ƾſŹźŝ� ŵŹƺƯ� ƶǀů

T�
Ţſř�ƵŶƃ�ƞƿźƘţ�ŻźƯ�Ʊō�ƽƹŹ�Źŵ�ŮƐſ�ƽŚƷƹźǀƳ�ƶƧ�Ţſř�ŻźƯ�Żř�ƾŤưƀƣ��

Śƣ�Źŵ�ƶƫŵŚƘƯ�Ʋƿř�ƪƨƃřżūř�ŜƫƽŻř�Ţſř�šŹŚŞƗ�ŵƹŶŰƯ����
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�Ƶźĭ�ƽřźŝ�Ʊō�Źŵ�ƶƧi��{di}��ƽŻŚŬƯ�ƾƷźĭ�ƽŚƷźǀƜŤƯ�Źřŵźŝ[Ni]=[I]Ni, 

(Virtual nodal variables)�� ƹ� ƽźſřźſ� ƪƨƃ� Ɩŝřƺţ� žƿźţŚƯ[Bi]�
�ƂƳźƧ�žƿźţŚƯ�� ƽźſřźſ� ƱŚƨƯ� źǀǀƜţ�Ţſř� �nƵźĭ� ƪƧ� ŵřŶƘţ���Źŵ� ŚƷ

�ƶƨŞƃ�ƾƯŚưţŢſř���
ŚŬƳō� ŻřƧ�� ƩƺƯźƟ� Źŵ� ƶæçƾƯ��ŶƿŚŝ�ƶŝ� źǀǀƜţ� Żř� ƵřƺŴƫŵ� ŠƗƺưŬƯ� źƷ� ƽřźŝ�

�ƽŻŚŬƯ�ƽŚƸƳŚƨƯ{di}��şźĭ�źƷ�ƽřźŝ�řŸƫ��ŶƃŚŝ�ơŵŚƇi�ŝ�ƶšŹƺƇ���
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ŵƺŝ�ŶƷřƺų� �ƾƯ� řŹ�ƶƫŵŚƘƯ�Ʋƿř�Ʀţ�ƽřźŝ�Ʊřƺţ��Ʀţŝ�ƪǀƬŰţ�ŠƴƯřŵ�ƽŚƸƳŚưƫř�ƶ
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�Ʊō�Źŵ� ƶƧ[D(e)]�� ƹ�ƱŚưƫř� ƵŶƴƷŵ�ƪǀƨƄţ� ŵřƺƯ� ƶƈŴƄƯ�žƿźţŚƯ]B[ )e(
j�

�ƂƳźƧ�žƿźţŚƯŢſř�ƩƹŶū�Źŵ�ƞƬŤŴƯ�ƽŚƷŵźŝŹŚƧ�ƽřźŝ�ƶƧ�æ�ƵŶƃ�ƵŵŹƹō�
Ţſř� �ŹƺƇ� Ʋƿř� Źŵ� ƱŚưƫř� Żř� ƪƇŚů� ƮƸſ� še� šŹŚŞƗ� Ʋǀƫƹř� Źŵ�æè�ƶŝ�
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ƺŤſǇř�ƽŚƷŵźŝŹŚƧ�ƽřźŝ���šƹŚƠţ� ŵřƺƯ� ŠƈŴƄƯ�žƿźţŚƯ� ƪƨƃ�ƦǀŤſǈě�
ƾƯ�ŶƴƧ��ŝ�ŢƫŚů�Ʋƿř�Źŵ�ƶ�ƽŚū[D]�Żř�[Dep]ƾƯ�ƵŵŚƠŤſř���ŠƐŝřŹ�Żř�ƶƧ�ŵƺƃ
ŝ�źƿŻ�ƶƾƯ�Ţſŵ�Ŷƿō���
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šŹŚŞƗ�ƽŹŚƧ�ŢŴſ�źŤƯřŹŚě�ƪǀƀƳřźƠƿŵ�ƹř�Żř�Ţſ���
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�ƶƯŚƳźŝ�ŹŚŤųŚſ��

ƭźƳ�ƪƇŚů� ŹřżƟř�Ƨźţ�ƶƯŚƳźŝ�ƽŚƸƳŚŝŻ� Żř�ƾŞǀ��ƾƀƿƺƳC� ƹ�FOXPRO��ƭŚƳ� ƶŝ
� ŵƹŶŰƯ� ƽřżūř� ƶƯŚƳźŝ(FEP)�Ţſř� ��ƩŶƯ� ƾţŚƗǈƏř� ƽŚƸƨƳŚŝ� ŢƿźƿŶƯ

(FEM)�Ǝſƺţ�Ƶźǀƛ�ƹ�ƽŻźƯ�Ǝƿřźƃ��FOXPROŢſř�ƵŶƃ�ƶŤƃƺƳ����Ţưƀƣ
ƮƸƯ�ƶƧ�Ʊō�ŵƹŶŰƯ�Ōřżūř�ƪǀƬŰţ�ƭźƳ�Ţưƀƣ�Ʋƿźţ�Ţſř�ŹřżƟř��ƱŚŝŻ�Ǝſƺţ�C 

Ţſř� ƵŶƃ�ƶŤƃƺƳ�� �Ƴźŝ�Ʋƿř� ŹŚŤųŚſ�Ʊō�ƭŚƳ�ƶƧ�ƶƯŚplast��Źŵ� �Ţſř�ƪƨƃè��
Ţſř�ƵŶƃ�ƵŵŹƹō����

��
ƽŶƴưƳřƺţƶƯŚƳźŝ���

ƭźƳ�Ʋƿř�Ǝſƺţ�ƶƬŘƀƯ�Ŷƴģ��ƪǀƬŰţ�ŹřżƟřŶƃ���ŹŚƜƯ�ƶŝ�ƍƺŝźƯ�ƪŗŚƀƯ�Ʋƿř�Żř�ƾƨƿ
řŵŚƳŚƧ�Źŵ�ƺƳŚƧ�ƵŚĭƹźǀƳŢſ��ƣźŝ�ƵŚĭƹźǀƳ�ƽřźŝŚ�Źŵ�ƾŝƽŚƟŹĥ�èåå�ƲǀƯŻ�ƽźŤƯ�

ƃ�ƽŹŚƠů�žǀƴĭ�ƾĮƴſ�Ƶŵƺţ�ŹŵººƵŶ��ƪƨƃ�ƖƐƤƯ�Śŝ�ŹŚƜƯ�é��ƵŶƃ�ƾůřźƏ�
�Ţſř]ì[� �� ƩƹŶū� Źŵ�Ĭƴſ� Ƶŵƺţ�ƾſŚſř�šŚƗǈƏřç�ƩŶƯ�ƹ�FEM�ƶǀƫƹř�

�ƶƯŚƳźŝ�ƶƐſƺţ�ƪǀƬŰţ�ŢƸūFEP�ƪƨƃ�Źŵ�êŢſř�ƵŶƃ�ƵŵŹƹō�����
ŶƘŤƀƯ�ƹ�ƵŶƃ�ƮǀƬƀţ�ƵŹřƺƿŵ�ƽŚƸƳŚưƫř�ƶƧ�Ŷƿŵźĭ�ƆŴƄƯ�ƶƯŚƳźŝ�ƾūƹźų�Żř��

�ƁżƿŹŶƴŤƀƷ� �� ƖūźƯ�Ǝſƺţ�ƾŝźŬţ�ƁƹŹ� ƶŝ� ŹƺƧŸƯ� ƩŶƯ]è[�Ǝſƺţ� ƹ�
ƭźƳ�� ŹřżƟř]ç[�ANSYS�ţ� ƪǀƬŰŶƃ� �ƭźƳ�śŚŴŤƳř�� ŹřżƟřANSYS�ƶŝ��źƏŚų



�Ƃƴţ�ƽŶƘŝƹŵ�ƪǀƬŰţ�ƎǀŰƯ�Źŵ�ƂƳźƧ���ƝřźƏř�ƾĮƴſ�ƽŚƷƺŤſǇř�ŹŚŤƟŹ�Śŝ�ƾƴǀƯŻźƿŻ�šŚƿźƠů��ƦǀŤſǈě������
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ƪǀƬŰţ�ƶŝŚƄţ�ƺŤſǇř�ŹŚŤƟŹ�ƾƴƘƿ����ƦǀŤſǈěŢſř��ŝ�ƶ�źƿŵŚƤƯ�ƾŝŚƿŻŹř�ŹƺƔƴƯ
ƭźƳ�Ǝſƺţ� ƵŶƃ�ŵŚŬƿř�ƾūƹźų�ƞƬŤŴƯ�ƽŚƷźŤƯřŹŚě�� ŹřżƟřFEP�Śŝ��ƭźƳ��ŹřżƟř

ANSYS�ƹ�ƮŗŚƣ��ƾƤƟř�Ƃƴţ�ƲǀǀƘţ�VON-MISES�ŹŚƜƯ�ƵŹřƺƿŵ�żƧźƯ�Źŵ�
Ɵř�Ǝų�ŵřŶŤƯř�Źŵ�ƾƤƲǀǀƘţŶƿŵźĭ����
ŝ� źƿŵŚƤƯ� Ʋƿř�� ƶřżŬƯ� šŹƺƇ�ŝ�ƽřźŝ� ƞƬŤŴƯ� Ƃƴţ� ƶſ� źƷ�� ƶ�šŹƺƇ

ƶƀƿŚƤƯ��ƽŚƸƬƨƃ�Źŵ�ƽřë�ƹ�ì�ƹ�íŢſř�ƵŶƃ�ƶŗřŹř����
ơƺƟ�ŹřżƟř�ƭźƳ� ƹŵ�Źŵ� ŚƸƳŚưƫř�ŢǀƘƋƹ�ƶƨƴƿř�ƶŝ�ƶūƺţŚŝ��ƮƷ� Śŝ�ƾưƧ�šƹŚƠţ�

ƭźƳ�ƹŵ�Żř�ƾūƹźų�ŵřŶƗř�Ʋǀŝ�ƾưƧ�ƝǈŤųř��ŵŹřŵ�ƾƯ�ƵŶƷŚƄƯ�ŹřżƟř�ƺƃŵ���ŚƯř
Ƨ�ŶƳƹŹƾƬźƷ�ƭźƳ�ƹŵ��ŵŹřŵ�ơŚŞƐƳř�ƮƷ�Śŝ�ŹřżƟř� ��ƢƏŚƴƯ�ƲǀǀƘţ�źƔƳ�Żř�ƲǀƴĤưƷ
� ƾƳřźŰŝ�ƵŶƃ�ƦǀŤſǈě� �ƭźƳ� Ʋǀŝ� ƾŝƺų� ƢƟřƺţ��ƁƹŹ� ƹŵ� ƹ� ŶƿŶū� ŹřżƟř

ŵŹřŵ� ŵƺūƹ� ŵƺūƺƯ� �� ƽŚƸƬƨƃ� Źŵ� ƶŬǀŤƳ� Ʋƿřî� �æå� ƹ�ææ�ƵŶƃ� Ƶŵřŵ� ƱŚƄƳ�
Ţſř���

��
��

ƶŬǀŤƳ�ƽźǀĭ��
�ƺŤſǇř�ŹŚŤƟŹ�ƪǀƬŰţ�ƶƫŚƤƯ�Ʋƿř�Źŵ�ſ�ƽŚƸƐǀŰƯ�ƦǀŤſǈě��ƹŵ�ŢƫŚů�Źŵ�ƾĮƴ

ŝ�ƽŶƘŝ�ƶƽŵŶƗ�šŹƺƇ�Ţſř�ƶŤƟźĭ�Źřźƣ�ŦŰŝ�ŵŹƺƯ�� ��ƶŗřŹř�Żř�žěƽźƔƳ�
řżūř�ŵźŝŹŚƧ�ƶŝ��ŹŚŤƟŹ�Ʋƿřƽ�ƵŹŚƃř�ƶƏƺŝźƯ�šǇŵŚƘƯ�ƪǀƬŰţ�Źŵ�ŵƹŶŰƯ�Ŷƃ���

�Ʋƿř�ƽřźŝƶƿźƔƳƭźƳ��šǇŵŚƘƯ�ƹ���ŹřżƟřƶƳŚƿřŹ�ƽřŢſř�ƵŶƃ�ƶŗřŹř�ƾŞſŚƴƯ����ƶƯŚƳźŝ
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